Optimal design methods (designed to choose optimal sampling distributions through minimization of a specific cost function related to the resulting error in parameter estimates) for inverse or parameter estimation problems are considered. We compare a recent design criteria, SE-optimal design (standard error optimal design [8]) with the more traditional D-optimal and E-optimal designs. The optimal sampling distributions from each design are used to compute and compare standard errors; here the standard errors for parameters are computed using the optimal mesh along with Monte Carlo simulations as compared to asymptotic theory based standard errors. We illustrate ideas with two examples: the Verhulst-Pearl logistic population model [10] and the standard harmonic oscillator model [10] .
Introduction
In recent years modeling in the life sciences involves increasingly sophisticated models with a plethora of parameters to be estimated. This is due in part to increasingly stringent requirements concerning accuracy and the desire for adaptation of models to individual subjects. In contrast to this complex situation one usually is confronted with serious restrictions on data which often need to be obtained by noninvasive or modestly invasive procedures. The validation of such models is, as a result, a very challenging problem. It is therefore necessary to design the data collection procedures very carefully in order to optimize the information content carried by the data obtained. Methods of optimal experimental design are of central importance in this context and have justifiably received significant attention in the research literature (see for example [11, 14, 15, 22] ). Since one has a number of different design criteria from which to choose, it is important to have procedures to compare typical results obtained by using different criteria. A natural criterion for comparison of different approaches are the standard errors of the parameters estimated on the basis of the data provided by the optimally designed experiments. One possibility which has been frequently employed is the asymptotic approximation of standard errors [23] which are based on only a single realization and the limiting approximations. However, such standard errors obtained in specific cases may not be sufficiently precise, because the underlying assumptions for these asymptotic approximations may not be satisfied. Therefore it is of interest to use a different approach which is not based on a single realization of the observation process, but uses a large number of realizations, with, of course, increased computational costs. To illustrate an alternative approach, we present in this paper a detailed Monte Carlo analysis of the performance of several optimal design methods for the logistic and harmonic oscillator examples which were previously [8] investigated using asymptotic standard errors as a measure of comparison.
Optimal design of sampling times
Given the duration or time interval [0, T ] for an experiment and the number N of the sampling times allowed, the remaining fundamental question of optimal experimental design to be answered is the location of the sampling times in [0, T ]. In [7] a general theoretical framework for optimal experimental design problems has been developed, which incorporates all design criteria based on the Fisher Information Matrix (FIM) (see (2.6) below for a definition of the FIM in case of discrete sampling times) for the given parameter estimation problem. This general theoretical framework is based on abstract sampling distributions which can be represented using probability measures on the Borel subsets of [0, T ], which typically cannot be realized by concrete measurement procedures. However, this general approach provides an abstract setting for existence and approximation results based on the fact that the space P(0, T ) of probability measures on [0, T ] supplied with the Prohorov metric (see [2, 12, 16, 21] ) is a compact and separable metric space (see [7, Section 4] ). In particular, this theory permits development of computational methods using discrete measures with a finite number of atoms, which are precisely those corresponding to sampling procedures which can be realized. In the following we present the results only for this case and refer for the general theory to [7] .
Underlying our considerations is a mathematical output model
where η(t) ∈ R is the scalar measurable or observable output of the system, f : [0, T ] × A → R is a sufficiently smooth mapping, θ ∈ R p is the vector of system parameters, A ⊂ R p is the set of admissible parameter vectors and T is the endpoint of the observation interval.
To consider measures of uncertainty in estimated parameters, one also requires a statistical model [4] . Our statistical model is given by the stochastic observation process
Here E is a stochastic process representing measurement errors and, as usual in statistical formulations [4, 7, 13, 23] , θ 0 is the vector of the hypothesized "true" or nominal values of the unknown parameters. We make the following standard assumptions on the random variables E(t):
E(E(t)) = 0, t ∈ [0, T ],
Cov(E(t)E(s)) = σ(t) 2 Iδ(t − s), t, s ∈ [0, T ],
where δ(s) = 1 for s = 0 and δ(s) = 0 for s = 0. A realization of the observation process is given by
where y(t) is a concrete measurement for η(t) at time t and the measurement error (t) is a realization of E(t).
The statistical model we assume is a classical first model widely found in regression analysis [13, 23] and is often employed in development of ideas (asymptotic distribution theory, statistical comparison tests, etc.) as well as in certain applications. Two (the second and third) of the assumptions (2.3) are sometimes violated in repeated measurement data problems, especially in economic data and in biological data with high frequency sampling using model response dependent assays. The assumptions of independence and zero correlation for the statistical model can often be checked/supported via residual plots [4, 10, 13, 23] (after carrying out the inverse or regression problem fits with ordinary least squares). More sophisticated error models (e.g., nonconstant variance, nontrivial correlation) might also require different inverse problem formulations [4] (e.g., generalized least squares or maximum likelihood if sufficient information is known about the distributions of errors). Our choice of this simple statistical model was motivated primarily for two reasons: (i) it is simple, widely known/used and easy to use in comparison of designs, and (ii) our own efforts (e.g., see [3, 5, 6, 9, 10] and the references therein) in numerous inverse problems with longitudinal data for HIV patients, data for insect and marine populations, and vibrational engineering data often have dealt with data in which independence of sampling appeared to be reasonable. Even when correlation might be present, it is often assumed fast decaying with respect to distance/time between observations (this is a standard correlation model-see [13, 23] ) and independence is a reasonable assumption for low frequency sampling times. However, there are numerous situations in practice where independence is readily violated (e.g., economics and biology) and techniques in the presence of nontrivial data correlations are an active area of optimal design research (see [19, 20, 24] and the references therein).
For sampling points
T ], we introduce the weighted least squares criterion
We seek the parameter estimateθ by minimizing J(y, θ) for θ ∈ A, θ = argmin θ∈A J(y, θ).
(2.5)
Of central importance for our discussions is the Fisher Information Matrix (FIM),
where ∇ θ is a row vector given by (∂ θ 1 , . . . , ∂ θp ) and hence ∇ θ f (t j , θ) | θ=θ 0 , the gradient of f with respect to θ, is a row vector of length p.
The estimateθ obtained in (2.5) for a specific set of measurements is a representation of a random variableΘ =Θ(τ, θ 0 ), the least squares estimator for our parameter estimation problem. We are interested in the statistical properties ofΘ. Using linearization of f (t, θ) around θ 0 and asymptotic results of statistical analysis for least squares estimation we obtain that (see [7, Appendix] )
As a consequence we have the following asymptotic standard errors for the components of the estimatê θ obtained in (2.5):
The major question in optimal design of experiments which we consider in this paper is how to best
In order to characterize "best" we have to use a design criterion. In order to define such design criteria we observe that the FIM F (τ, θ 0 ) depends critically on the sampling mesh τ . Let a continuous functional J : R p×p → R + be given. The optimal design problem associated with J is the one of finding a sampling mesh τ * ∈ T such that
The mapping τ → J F (τ, θ 0 ) is the design criterion used for the design problem.
The formulation (2.8) incorporates all optimal design methods which are based on minimizing or maximizing a functional depending continuously on the Fisher Information Matrix. In this paper we compare the results obtained with the following optimal design methods: SE-optimal design as introduced in [7] , D-optimal design and E-optimal design. The design cost functional J for the SE-optimal design method (see [7] ) is given by
where F = F (τ, θ 0 ) is the FIM defined above in (2.6), θ 0 is the true parameter vector, and p is the number of parameters to be estimated. Note that both inversion and taking the trace of a matrix are continuous operations. We observe that F (τ, θ 0 ) −1 ii = SE(θ i ) 2 . Therefore, SE-optimal design minimizes the sum of squared normalized asymptotic standard errors. D-optimal design minimizes the volume of the confidence ellipsoid for the asymptotic covariance matrix F (τ, θ 0 ) −1 . The design cost functional for D-optimal design (see [11, 15] ) is given by
(2.10)
Again we note that taking the determinant is a continuous operation on matrices so that J D is continuous in F as required by the theory.
E-optimal design minimizes the principle axis of the confidence ellipsoid of the covariance matrix (defined in the asymptotic theory summarized in the next section). The design cost functional for E-optimal design (see [1, 11] ) is given by
where λ i , i = 1 . . . p, are the eigenvalues of F (which are continuous functions of F ). Consequently 1 λ i , i = 1, . . . , p, are the eigenvalues of the asymptotic covariance matrix F (τ, θ 0 ) −1 .
Constrained optimization and implementations
Each optimal design computational method we employ is based on constrained optimization to find the mesh of time points τ * = {t * i }, i = 1, . . . , N , that satisfy
where T is the set of all time meshes such that 0 ≤ t 1 ≤ · · · ≤ t i ≤ t i+1 ≤ · · · ≤ t N ≤ T .
These optimal design methods were implemented using constrained optimization algorithms, either MATLAB's fmincon or SolvOpt, developed by A. Kuntsevich and F. Kappel [18, 17] , with four variations of the constraint implementation. We denote by (C1) -(C4) these different constraint implementations (which most often do result in different parameter and standard error outcomes even in cases where the {t i } i=1,...,N are initially required to satisfy similar constraints). Complete details of the precise implementation differences in the algorithms are given in the appendix of [8] .
We briefly summarize these here.
(C1) In this case we impose the inequality constraints
i.e., the optimal mesh may or may not contain 0 and T . In this case we optimize over N variables.
(C2) In this case we fix t 1 = 0, t N = T and impose the inequality constraints
i.e., the optimal mesh contains 0 and T . Hence we optimize over N − 2 variables.
(C3) We also fix t 1 = 0, t N = T and represent the other mesh points by t i = t i−1 +ν i , i = 2, . . . , N −1.
For ν i , i = 2, . . . , N − 1 we impose the inequality constraints ν i ≥ 0, i = 2, . . . , N − 1, and ν 2 + · · · + ν N −1 ≤ T.
Note that the optimal mesh always contains 0 and T as we optimize over N − 2 variables.
(C4) We fix t 1 = 0 and, as in case (C3), represent the other sampling times by t i = t i−1 + ν i , i = 2, . . . , N . For ν i , i = 2, . . . , N , we impose the constraints ν i ≥ 0, i = 2, . . . , N, and T = ν 2 + · · · + ν N .
The equality constraint can be also written as ν N = T − N −1 i=2 ν i . The optimal mesh again contains 0 and T , and we optimize over N − 1 variables. Note that in view of the equality constraint and the definition of the ν i we have t N = ν 2 + · · · + ν N = T .
Monte Carlo methodology
For a single Monte Carlo trial, we generate simulated data on the optimal mesh τ * = {t j } j=1,...,N based on the true parameter vector θ 0 corresponding to our statistical model
where the j are realizations of E j ∼ N (0, σ 2 0 ) for j = 1, . . . , N . Parameters are estimated using OLS taking the initial parameter guess to be θ 0 = 1.4θ 0 . The parameter estimatesθ are stored, and the process is repeated with new simulated data corresponding to the optimal mesh for M Monte Carlo trials. For the concrete examples considered in Sections 4 and 5 we always take M = 1000.
More trials increase the resolution though the results remain unchanged.
In addition, for each simulated data set we computed the estimated Fisher Information Matrix (FIM) F = F (τ * ,θ), to determine if the 95% confidence ellipsoid contains the true parameter values θ 0 . The 95% confidence ellipsoid [23] corresponding to normally distributed residuals is defined by
where F α p,n−p is the F-distribution with p numerator degrees of freedom, n−p denominator degrees of freedom, and critical level α = 0.05. The confidence ellipsoid will contain the true parameter vector θ 0 if the following inequality holds:
The Monte Carlo analysis was carried out for the three different optimal design methods (SE-optimal, D-Optimal and E-optimal) as well as for the uniform mesh, each time with M new sets of simulated data. For each Monte Carlo analysis, the average parameter estimateθ avg is reported along with its standard deviationθ SD . We also will compare the standard deviationsθ SD of these Monte Carlo trials to the asymptotic standard errors SE(θ) as computed using asymptotic theory in (2.7).
In addition, we report the proportionP of confidence ellipsoids containing the true vector θ 0 and the corresponding standard error SE(P ),
Note thatP is the estimate of P 0 the true proportion. Figure 1 gives an example of 95% confidence ellipsoids corresponding to parameter estimates for given simulated data. The true parameter vector is plotted as a point in R p = R 2 . Ellipsoids that contain the true parameter vector are gray and those that do not are black, as determined by the inequality given in (3.1). We are interested to see ifP is close to 0.95 (95% confidence ellipsoid) for the different optimal design methods and the uniform mesh. Figure 1 : A generic example of 95% confidence ellipsoids (from M = 30 simulated data sets, estimating p = 2 parameters), where the true value is given by the star. Confidence ellipsoids containing the true value are gray, and confidence ellipsoids not containing the true value are black.
4 Results for the logistic equation
The Verhulst-Pearl logistic population model
The widely used logistic population model describes the growth of a population in an environment with a finite carrying capacity for the population. It is given by the differential equation:
where K is the carrying capacity of the environment for the population, r is the intrinsic growth rate, and x 0 is the initial population size. The analytical solution to this initial value problem is given by
where θ = (K, r, x 0 ) T is the vector of system parameters.
For the statistical model in this case we choose
In all our simulations we took the nominal parameter vector θ 0 and the length T of the sampling interval to be
Monte Carlo analysis for the logistic equation
Monte Carlo analysis was performed using the optimal design points found using constraint implementation (C2) and SolvOpt with N = 10 or N = 15 (see Figure 2 ). The nominal parameter vector θ 0 and T are always given by (4.2). The Monte Carlo analysis was conducted three times for each optimal design mesh taking different levels of constant variance (σ 2 (t) = σ 2 0 for all t) noise in the simulated data, σ 2 0 = 0.01, 0.05 or 0.1. Tables 1 -3 and 5 -7 contain the average estimates and standard deviations obtained from the Monte Carlo trials for N = 10 and N = 15 respectively and for the three different noise levels. In addition, the tables show the asymptotic standard errors, obtained from (2.7) using the true parameter values, for comparison with the standard deviations of the Monte Carlo parameter estimates. The percentage of 95% confidence ellipsoids which contain the true parameter vector and the corresponding standard errors as given by (3.2) 
Discussion of logistic Monte Carlo results
A general observation from these results is that as the measurement noise level decreases, variance in the parameters (θ SD ) decreases, and parameter estimates approach the true parameter values. Comparing the standard deviation of the parameter estimates (θ SD ) to the asymptotic standard errors (SE(θ)) we find that they are always on the same order of magnitude, and often the asymptotic standard errors are slightly smaller (more optimistic).
In all cases the average parameter estimates were very close to the true values. Comparing the optimal design methods based on the standard deviations of the parameter estimates, we find different results based on the parameter. For parameter K, E-optimal had the smallest standard deviation in every case, followed by the uniform distribution. For parameters r and x 0 , SE-optimal always had the smallest standard deviation, often followed by D-optimal. Visually, E-optimal distributions appear right-skewed for parameters r and x 0 for σ 2 0 = 0.10, and N = 10 and N = 15 (see Figs. 5 and 8). Overall, these results seem to be in agreement with the comparative performances of the optimal design methods presented in [8] where we used for comparison only asymptotic standard errors based on only one realization of the observation procedure.
Examining the proportion of 95% confidence ellipsoids that contain the true parameter value (Tables 4  and 8 ) we find that often the proportion falls short of the expected 0.95, especially for increased values of σ 2 0 . Comparing the optimal design methods based on which has the best coverage of the true parameter value, we find that SE-optimal is the best, followed by D-optimal or the uniform mesh, with E-optimal being the least desirable design method for this logistic example. 
Harmonic oscillator results

The harmonic oscillator
Harmonic oscillators are ubiquitous in science, being found in a number of applications ranging from biology (Lorentz electromagnetic polarization laws in tissue), electronic circuits and mechanical devices. The model for the harmonic oscillator can be easily derived (see [10] ) using Hooke's Law and Newton's Second Law of Motion and is given with out external forcing by
Here, m is mass, c is the damping coefficient, and k is the spring constant. The parameters m, c and k are not independent for the unforced oscillator. Dividing through by m, and defining C = c/m and K = k/m, we can reduce the number of parameters and obtain
The analytical solution of the initial value problem (5.1) is given by
For the following investigations we fixed the initial values in problem (5.1) to the values x 1 = −1, x 2 = 0.5. The parameter vector considered is θ = C, K T .
For our Monte Carlo analysis we choose the nominal parameter vector θ 0 = C nom , K nom T = 0.1, 0.2 T and take displacement x(t, θ) as the model output so that f (t, θ) = x(t, θ), t ≥ 0.
Monte Carlo analysis for the harmonic oscillator model
Monte Carlo analysis was conducted using the optimal design points computed with N = 15, T = 14.14 or T = 28.28, and the four different implementations (C1) -(C4) of the constraints (see Figures 9 and 10 ). For each optimal mesh or the uniform mesh, the Monte Carlo analysis was repeated three times for different constant variance (σ 2 (t) = σ 2 0 for all t) noise levels σ 2 0 = (0.01, 0.05, 0.10). Figures 11 -18 contain histogram plots of the parameter estimates (Ĉ,K). Each figure represents results from a specific constraint implementation and a value of T . Each subfigure represents one of the parameters and one value of σ 2 0 . Within a subfigure are histograms corresponding to each optimal design method (SE-optimal, D-optimal, and E-optimal) and the uniform mesh. Figure 9 : Optimal sampling times according to the design criteria for the harmonic oscillator. Optimal sampling times were obtained using SolvOpt with N=15, constraint implementation (C1) (upper panels) respectively (C2) (lower panels) and T = 14.14 (left panels) respectively T = 28.28 (right panels). Figure 10 : Optimal sampling times according to the design criteria for the harmonic oscillator. Optimal sampling times were obtained using SolvOpt with N=15, constraint implementation (C3) (upper panels) respectively (C4) (lower panels) and T = 14.14 (left panels) respectively T = 28.28 (right panels).
Tables 9 -11, 14 -16, 19 -21, and 24 -26 contain the average estimates and standard deviations from the Monte Carlo trials for the four constraints respectively, and both T = 14.14 and T = 28.28, as well as for the three different noise levels. In addition, the tables contain the asymptotic standard errors as computed in (2.7) using the true parameter values, for comparison with the standard deviations of the Monte Carlo parameter estimates. The percentage of 95% confidence ellipsoids which contain the true parameter values are given in Tables 12, 13 Table 13 : Percent of confidence ellipsoids which contain the true parameter values (T = 28.28, constraint implementation (C1)). σ 2 0 = 0.01 σ 2 0 = 0.05 σ 2 0 = 0.10 SE-opt 95.5% (SE = 0.66%) 93.9% (SE = 0.76%) 94.3% (SE = 0.73%) D-opt 95.3% (SE = 0.67%) 93.7% (SE = 0.77%) 95.5% (SE = 0.66%) E-opt 94.6% (SE = 0.71%) 94.9% (SE = 0.70%) 94.0% (SE = 0.75%) Uniform 95.1% (SE = 0.68%) 95.1% (SE = 0.68%) 94.5% (SE = 0.72%) Table 18 : Percent of confidence ellipsoids which contain the true parameter values (T = 28.28, constraint implementation (C2)). 
Discussion of Harmonic Oscillator Monte Carlo Results
From the harmonic oscillator Monte Carlo results we again observe that as the level of noise in the data decreases so does the variance in the parameter estimates (θ SD ) and the estimates approach the true values. Examining the average parameter estimates, we find that in all cases the averages are close to the true values θ 0 = (C nom , K nom ) T = (0.1, 0.2) T . However in Figures 11 -18 appears as though for noise levels σ 2 0 = 0.05 and 0.10, E-optimal and SE-optimal distributions are right-skewed for the parameter K. Also, often E-optimal distributions appear to be left-skewed for parameter C for the higher levels of noise in the data. This causes the average estimates of K to be slightly larger than the true value for E-optimal and SE-optimal, and the average estimate of C to be slightly smaller than the true value for E-optimal.
Comparing the standard deviations of the parameter estimatesθ SD to the asymptotic standard errors SE(θ) we find that they are very close in every case. Comparing the standard deviations of the parameter estimates among the optimal design methods and the uniform mesh often we find that D-optimal had the smallest standard deviations, followed by SE-optimal for parameter C and the uniform mesh for parameter K. In Tables 14 -16 for T = 28.28, and 24 -26 D-optimal and SE-optimal had the smallest standard deviations for the parameter C. For parameter K, D-optimal had the smallest standard deviation again followed by the uniform mesh.
For the harmonic oscillator example 95% confidence ellipsoid coverage of the true parameter value is better overall than in the logistic example. This may not be a reasonable comparison since only p = 2 parameters are estimated for the harmonic oscillator example, whereas in the logistic example p = 3. In this example, no optimal design mesh is consistently better in terms of confidence ellipsoid coverage of the true parameter value. However, in almost every case E-optimal has the worst coverage compared to the other optimal design methods (though still being fairy decent). σ 2 0 = 0.01 σ 2 0 = 0.05 σ 2 0 = 0.10 SE-opt 94.6% (SE = 0.71%) 93.9% (SE = 0.76%) 95.5% (SE = 0.66%) D-opt 94.8% (SE = 0.70%) 94.4% (SE = 0.73%) 94.3% (SE = 0.73%) E-opt 94.6% (SE = 0.71%) 94.0% (SE = 0.75%) 93.1% (SE = 0.80%) Uniform 95.2% (SE = 0.68%) 96.3% (SE = 0.60%) 94.5% (SE = 0.72%) Table 28 : Percent of confidence ellipsoids which contain the true parameter values (T = 28.28, constraint implementation (C4)). 
Concluding Remarks
We have considered the performance of three optimal design criteria based on the Fisher Information Matrix, the SE-optimal, D-optimal and E-optimal design methods on two popular examples, the logistic growth model and the harmonic oscillator. We use Monte Carlo simulations with M = 1000 to compare standard errors for estimated parameters with each method. The recently introduced [8] SE-optimal design is quite competitive with and in some cases superior to the more traditional D-optimal and E-optimal design methods. In summary, the results found and reported here are fully consistent with those given in [8] where the analysis is based on asymptotic standard errors computed with a single realization.
